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SUMMARY 
Oppositely directed flows of positive and negative charges constitute an 
ambipolar current. A general case is analyzed in which the charges traverse 
the evacuated space between plane-parallel boundaries and all particles of a 
given charge species are monoenergetic. It is assumed that the charges may 
possess nonvanishing initial kinetic energy. This represents an extension of 
analyses by Langmuir and bf-ler-LCbeck for vanishing initial kinetic energy. 
Sample calculations of dimensionless current densities, electric and potential 
fields, and charge-density distributions are exhibited for cases where the 
electric field is assumed to vanish at one boundary but the species initial've- 
locities may not. It is shown that resulting-ion currents may be several times 
the Child's law limit if initial kinetic energies are of the order of the po- 
tential energy. 
INTRODUCTION 
The analysis of one-dimensional, space-charge flows determined by the ac- 
tion of an electric field on charges of a given sign originated with studies by 
Child (ref. 1) and Langmuir (ref. 2 )  of unipolar currents in an otherwise evac- 
uated space between plane electrodes. The recognition of space-charge-limited 
current, that is, of the existence of a maximum current for a given electrode 
separation and potential difference, resulted from these studies. Vanishing 
initial velocity of all particles was assumed. Ultimately this assumption was 
dropped. 
Shockley (ref. 4) coincidentally and independently derived all possible non- 
relativistic solutions for one-dimensional, unipolar, space-charge current with 
unique initial particle velocity. 
In particular, Salzberg and Haeff (ref. 3 )  and Fay, Samuel, and 
One possible method of overcoming the unipolar space-charge-current limi- 
tation is to neutralize the space charge by injecting opposite charges at the 
final bhundary plane traversed by the original charge species. The theory for 
the resulting ambipolar currents was derived by Langmuir (ref 5). A required 
second integration of Poisson's equation, yielding the potential distribution, 
was performed by numerical integration. 
improved on Langmuir's analysis by showing that the second integration in- 
volved elliptic integrals. 
Mti7_ler-Laeck (.ref. 6) aesthetically 
For the ambipolar-current case, Langmuir and M??ler-Lcbeck both assumed 
vanishing initial velocity of each charge species. 
case, this assumption may be discarded. The resulting analysis, presented 
herein, is essentially the ambipolar equivalent of the unipolar theories in 
references 3 and 4; however, the results presented are concerned only with mon- 
otonic potential fields. 
distributions are calculated. The possibility of overcoming the Child's law 
limit on ion current by means of ambipolar currents with nonvanishing initial 
velocities is emphasized. 
As in the unipolar-current 
The electric and potential fields and charge-density 
A l l  of the cited analyses represent special cases of that which follows 
and may be derived from it. 
fmALYSIS 
Consider two infinite parallel planes (fig. 1) separated by a distance 
(Only an association is in- 
2 
and associated with different electric potentials. 
0 - 0  
y = o  
m 
- r 
x = o  > 
P =q 
y -  1 - 
<= 0 <= 1 
Figure 1. - Geometry and coordinate scheme. 
sumed to be injected at the same 
tended. 
garded necessarily as physical entities, 
say electrodes, which might mechanically 
limit the motion of charges at the plane 
boundaries. ) 
duced normal to the plane associated with 
the higher potential, and negatively 
charged particles (electrons or negative 
ions) are introduced normal to the plane 
associated with the lower potential. The 
rate of charge injection is assumed to be 
steady; then, presumably, a steady 
positive-negative ion counterflow, that 
is, an ambipolar current, will exist be- 
tween the boundary planes. The currents 
are assumed collisionless. (This implies 
that the currents are one-dimensional.) 
All particles of a given species are as- 
The planes are not to be re- 
= X  
Positive ions are intro- 
velocity. 
Define a coordinate x, having its origin at the plane of positive-ion in- 
jection, parallel to and increasing in value in the direction of the ion flow. 
(All symbols are defined in the appendix.) 
Gaussian units) describing the particle motions and field distributions for 
two-charge species are 
The nonrelativistic equations (in 
Charge c ons ervat i on : 
2 
Equations of motion: 
Poisson's equation: 
where 
and 
where j i s  t h e  current 
the subscr ipt  + or  -, 
veloci ty ,  e the  charge, 
the  e l e c t r i c  po ten t ia l .  
P = P+ + P- (4) 
densi ty  of the  pos i t ive  ions or electrons,  denoted by 
respectively,  m i s  the  p a r t i c l e  m a s s ,  v the p a r t i c l e  
p the  charge density, e t h e  e l e c t r i c  f i e l d ,  and cp 
By introducing cp i n  equation ( 2 )  and integrat ing,  t h e  p a r t i c l e  veloci ty  
of both species may be represented by 
where t h e  subscr ipts  0 associated w i t h  the  pos i t ive  ions (+) and 2 associ-  
a ted w i t h  the  e lectrons ( - )  r e f e r  here to i n i t i a l  conditions and 
Subs t i tu te  the r i g h t  s ides  of equations ( 5 )  and (6)  i n  equation (3) and 
define 
cp - cp, 
'p2 - 'Po ysz 
where cp = cpz 
define 
a t  t h e  f i n a l  boundary (x = 2 )  t raversed by the  ions.  Also, 
x 3  ( 1  
ana 
I 
(9) 
3 
(The quant i ty  a' 
s i t y  and t o t a l  k i n e t i c  energy of t he  e lec t ron  cur ren t  a t  any given value of 
t o  t h a t  of t he  pos i t i ve  ion  current  a t  t he  same value of Next, def ine 
can be shown t o  be t h e  r a t i o  of t he  product of charge den- 
5. 
6.)  
2 
v+O 
w+o = -- 'I+% 
where v+o i s  t h e  i n i t i a l  ve loc i ty  (a t  x, 5. = 0) of t h e  pos i t i ve  ions,  and 
where v-2 i s  t h e  i n i t i a l  ve loc i ty  ( a t  x = 1 ,  o r  5 = 1) of t h e  electrons.  
Final ly ,  l e t  
2 4x1 j, 
J+ = l/e 
( -q+e)  
Then, equation (3) may be r ewr i t t en  i n  t h e  dimensionless form 
where primes denote d i f f e r e n t i a t i o n  with respec t  to 5 ,  and, without loss of 
general i ty ,  cp = 0 a t  x, 6 = 0. The quan t i t i e s  W+O and w - ~  a r e  i n i t i a l  
k ine t i c -  t o  potential-energy r a t i o s  f o r  ions and electrons,  respect ively,  
whereas t h e  terms 1 - y f w - ~ ,  respect ively,  represent  t he  l o c a l  
k ine t i c  energies of ions and electrons r e l a t i v e  t o  the  i n i t i a l  po ten t i a l  energy 
of both species.  The quant i ty  J+ i s  proport ional  t o  the  r a t i o  between the  
ion  current densi ty  j,, and t h e  unipolar,  space-charge-limited, ion current  
densi ty  jm+ f o r  vanishing i n i t i a l  veloci ty .  I n  pa r t i cu la r ,  
y $- w + ~  and 
where 
9x22 jm+ = 
4 
results from the solution of equation (14) for unipolar, space-charge-limited 
ion current. 
In order to determine the charge-density distribution, equation (3) may 
also be written in the quasi-dimensionless form 
In equation (17), y" 
the absence of electrons, this result yields, for 
may be replaced by the right side of equation (14). Ln 
y = 1 (i.e., 5 = l), 
where pm+2 is the ion charge density at x = 2 for unipolar, space-charge- 
limited, current. For ambipolar currents, equations (14), (17), and (18) re- 
sult in 
which exprc ;es the net charge-density distribution. Equation ( 
the sum of the two components 
9) consists of 
determining the charge-density distribution for each species. 
By defining J+ proportional to an ion-current ratio, the emphasis in 
equation (14) is on ion current characteristics; however, by redefining 
proportional to an electron-current ratio, equation (14) may be derived in an 
alternative form, namely, 
J 
Y" = J-k (y + wm) -112 - (1 - y + W-J 
where 
and 
5 
I 
is the unipolar, space-charge-limited, electron-current density. Equation (22) 
may be treated in a manner analdgous to the preceding treatment of equa- 
tion (14), and thus alternative forms for the charge-density distributions may 
be obtained. Specifically, 
and when equations (21) and ( 2 0 ) ,  respectively, are considered, 
where Prp-? is the electron charge density at x = 0 for unipolar, space- 
charge-limted current. 
Equation (26) or (27) allows a new interpretation of the coefficient a. 
In particular, 
that is, a is the absolute value of the electron- to ion-charge-density ratio 
associated with the final boundaries traversed by the respective species under 
the conditions of unipolar, space-charge-limited currents. The coefficient a 
also relates the relative electron current and ion current according to 
which follows from definitions (lo), (16), and (24). 
According to equations (19), (20), and (21) the charge-density distribu- 
tions may be calculated as functions of the dimensionless potential y for 
assumed values of the dimensionless energy parameters wx, and w - ~  and the 
coefficient a. However, the variation of y, itself, as a function of the 
dimensionless distance 6 is determined by equation (14). 
Integrating equation (14) twice yields, consecutively, the electric field 
and the potential distribution. The first integration is elementary and re- 
6 
sults in 
where E = eo at 5 = 0. Equation (30) is not integrable in terms of elemen- 
tary functions. When the boundary condition y = 0 at 5 = 0 is used, the 
solution has the form 
5 = (5) 4 2  ho[y,a,ww,w-l, u] 
Jm+ J+ 
where 
and 
Equation (14) can be integrated alternatively by using y = 1 at 5 = 1 as 
the lower limit to obtain consecutively 
and 
where E = E l  at 5 = 1, 
7 
(36) 
and 
But, subtracting equation (30) from equation (34) leads to 
or go = gl. Thus, for preassigned values of eo and el, values of the co- 
efficient a are not completely arbitrary. In particular, if el > @, the 
left side of equation (38) is positive, s o  that, necessarily, 
which also defines r. Similarly, if el< eo, 
a z r  
where the equality applies if 
current ratio 
vanishes at one or both boundaries. 
el = kc,. An explicit expression for the ion 
j+/jm+ is derivable from equation (31) or (35) only if 
If eo = 0 or  el = 0, then J+ vanishes from the integrand appearing in 
the respective equation (32) or (36). 
is derivable from equation (31) or (35). 
grations can still be expressed in closed form.) 
tion, the ion-current ratio is unique for specified boundary conditions and may 
be evaluated therefrom. Hence, for Eo = 0, 
Then an explicit expression for j+/jm+ 
(If Eo # 0 and e, # 0, the inte- 
Because of charge conserva- 
whereas for el = 0, 
8 
Also, 
Equations (41) to (43) are alternative expressions for the ion-current ratio. 
The first expression is obtained by setting 
second, by setting 
tions (31) and (35). The first two expressions are most convenient for compu- 
tations. Moreover, the third expression requires that e vanish.at both 
boundaries, whereas the first two require that vanish at only one boundary. 
Applying equations (41) and (42) to equations (31) and (35), respectively, 
yields 
5 = 1 
in equation (35), and the third, by adding equa- 
in equation (31), the 
5 = 0 
and 
The final problem is that of evaluating the integral represented by ho 
or hl in equation (32 )  or (36), respectively. These integrals may be trans- 
formed into a sum of elementary and elliptic integrals. The substitution 
y + ww 3 €2 sin2 a (46) 
where 
E2 3 1 + w+o f w-1 
transforms the integrals into a known elliptic form 
(47) 
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where t h e  upper quan t i t i e s  within the  braces correspond t o  equation (32),  t he  
lower quan t i t i e s  correspond t o  equation ( 3 6 ) ,  and t h e  in t eg ra t ion  limits a r e  
given by 
with a = a. for  y = 0 and ' a  = a1 f o r  y = 1. 
However, a more t r a c t a b l e  form, i n  which unipolar and ambipolar contribu- 
t i ons  t o  t h e  in t eg ra l s  are e s s e n t i a l l y  separated, r e s u l t s  by subsequently em- 
ploying t h e  tr igonometric i d e n t i t y  
A cos ( a  - 6) = A s i n  6 s i n  a + A cos 6 cos cc 
where 
and 
In  addition, l e t  
1 t a n & = -  a 
A2 3 1 + a2 
a - 6 5 2 P  
Then, equations (48) may be rewr i t ten  i n  t h e  form 
(53 )  
-112 
dD 1 1 2 + - s in (26) (1  - 8 sin2p + 8 sin4p) (1 - n2 sin2p) 
where 
with p = p, for  y = 0, and p = p, f o r  y = 1. Also, 
10 
which a l s o  defines a new modulus 
Thus, i n  order t o  obtain a value of t h e  modulus l e s s  than wiity,  the  subs t i tu -  
t i o n  
k, t o  be used subsequently. Usually, n2 > 1. 
n s i n  p = s i n  Y (56) 
may be employed t o  transform equations (53) i n t o  a f i n a l  form 
where 
with r = Yo f o r  y = 0, and r = Y1 for y = 1. Real solut ions of equa- 
t ions  (57) a r e  obtained only i f  l s i n  <_ l. In equations (57),  t h e  e l l i p t i c  
i n t eg ra l s  vanish fo r  unipolar ion currents ,  whereas the  elementary in t eg ra l s  
vanish f o r  ambipolar currents  i f  a = 1. Although equations (57) have been 
wr i t ten  f o r  60 = 0 and El = 0, these assumptions a re  not necessary for eval- 
uating the  in tegra ls ;  however, they a re  necessary fo r  expressing 
p l i c i t l y ,  as mentioned previously. 
j+/jm+ ex- 
The e l l i p t i c  i n t eg ra l s  i n  equations (57) correspond t o  in t eg ra l s  280.00 
and 281.01 i n  reference 7. When these  a re  used, t h e  a l t e r n a t e  solut ions for 
ho and h i  aTe found t o  be 
111 - k2 sin2T]}lrolr -f r1 
- 5)F(r ,k)  + 8(1 - 2k2)E(T,k) + 8k2 s i n  T cos T 
where the former set of limits is associated with 
hl. The quantities F(T,k) and E(T,k) are elliptic integrals of the first and 
second kinds, respectively, defined by 
ho and the latter set with 
Equations (59) in conjunction with equations (44) and (45), respectively, de- 
termine implicit solutions for the potential distribution. 
The preceding analysis permits the currents, fields, and charge distribu- 
tions to be calculated directly for cases in which the electric field vanishes 
at one boundary, at least, and 
aries. Included among these possibilities are all of the corresponding cases 
in the references cited. There also exists another series of cases for which 
the electric field vanishes at one or two locations between the boundaries. 
These cases, with at least one exception, may be treated by juxtaposing fields 
so that the boundary condition E = 0 (for 
coincides with the condition e = 0 for the type of distribution being con- 
sidered. A simple juxtaposition is unsatisfactory if the current of one or 
both charge species is space-charge limited and the charge transmission coef- 
ficient at the juxtaposition plane (e = 0) is not unity. 
rents must be considered. 
le1 > 0 in the interval between the bound- 
I; = 0, say) in the present analysis 
Then, reflected cur- 
PROCEDURE 
With w+o and w-1 given and a value of a selected, subject to in- 
equality (38) or (39), the quantity % or hl may be computed from equa- 
tion (59) as a function of the dimensionless potential y for the interval 
0 ;I y <_ 1 and subject to the additional limitation [sin l-1 1. The value of 
ho or hl, associated with the respective boundary value y = 1 or y = 0, 
permits the calculation of the ion-current ratio j+/jm+ explicitly accordink 
to equation (41) or (42) depending on whether Q = 0 or e, = 0, respec- 
tively. Coincidently, alternative equations (44) and (45) allow computatim of 
the dimensionless distance 5 as a function of the dimensionless potential y. 
The electric field is given by equation (30) if or  equation (34) if 
E, = 0. The charge-density distribution and the component distributions are 
determined by equations (19) to (21). The electric field and charge-density 
distributions are obtained as functions of y, but y has been uniquely re- 
lated to the dimensionless distance 5 by equation (44) or (45). 
eo = 0 
12 
RESULTS AND DISCUSSION 
Figures 2 t o  6 i l l u s t r a t e  r e s u l t s  of a few sample calculat ions of t he  
currents ,  f i e l d s ,  and charge d i s t r ibu t ions ,  a l l  associated with the  assumed 
condition EO = 0 and demonstrating t h e  e f f ec t s  of nonvanishing i n i t i a l  par-  
t i c l e  ve loc i t i e s .  The p l o t t e d  curves a re  denoted by c a p i t a l  le t ters  A, B, C, 
D, and E associated with independent conditions. 
Current r a t i o s  as f’unctions of appropriate energy r a t i o s  a re  shown i n  
f igure  2. Curve A, applying t o  a unipolar current  (which i s  space-charge l i m -  
Curve 
A 
B 
C 
lbv iously 
:or unipo 
:or a = r: 
Description 
nipolar ion cur ren t  (4 = 0: 
Unipolar electron cur ren t  
(lq = 01 
Ambipolar cur ren t  - ions 
Ambipolar cur ren t  - elec- 
t rons 
Ambipolar cur ren t  - ions 
Ambipolar cur ren t  - elec- 
t rons 
W t o  
20 
10 
0 
0 
20 
or unipolar ion current,  j- = 0: a = 
’ electron current, jt = 0: a = -. 
0 = 81 = 0. 
e 
I I I I , I 
0 2 4 6 8 10 
Ratio of i n i t ia l  kinetic energy of charge to i ts  in i t ia l  
potential energy, w 
Figure 2. - Relative cur ren t  as function of in i t ia l  relative energy (go = 0). 
i t e d  (e, = 0) for w + ~  = O ) ,  might j u s t  as r ead i ly  represent  t h e  i n i t i a l  energy 
dependence of a unipolar e lec t ron  current ,  where the’e lec t ron  current  i s  space- 
charge l imi ted  (e = 0) f o r  w - ~  = 0. I n  t h e  former case, t he  ordinate  and the  
abscissa  a r e  j+Am+ and w + ~ ,  respect ively;  whereas i n  t h e  l a t t e r  case, t he  
coordinates become j-/jm- and w-1. According t o  curve A, t h e  ion  (e lec t ron)  
cur ren t  densi ty  becomes considerably grea te r  than the  space-charge-limited 
value i f  t he  ions (e lec t rons)  are supplied with i n i t i a l  k i n e t i c  energy which 
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Curve 
A 
B 
- 
C 
D 
E 
- 
Description 
Unipolar space-cha rge - 
limited ion cur ren t  
lnipolar ion cur ren t  (80 = 0 
Ambipolar. Both cur ren ts  
space-charge limited 
Ambipolar cur ren t  
Ambipolar cur ren t  
w+o 
0 
1 
0 
1 
0 
W - 1  
0 
0 
1 
Ibviously, for unipolar ion current,  j- = 0: a = 0. 
:or a = r: to = 6 1  = 0. 
a 
*O 
*O 
rt 
r +  
rt 
L .a-  - 
n . 2  . 4  .6 .a 1.0 
Dimensionless distance from positive-ion injection 
Figure 3. - Dimensionless potential distribution I t o  = 0). 
plane, C 
is comparable to or greater than the 
applied electric potential. (Note that, 
for w = 1, the initial kinetic and po- 
tential energies are equal.) 
trons are introduced with vanishing ini- 
tial kinetic energy at the boundary 
6 = 1, then for eo = 
curve B indicates the Lon-current ratio. 
Curve C depicts the corresponding 
electron-current ratio for this case. 
Comparing curves A and B shows that in- 
troducing electrons increases the ion- 
current ratio by a factor which varies 
from 1.86 f o r  WX, = 0 to 2.39 for 
w w  = 10. More exactly, the present 
value, j+/jm+ = 1.8652 for w + ~  = 0, 
agrees more closely with Langmuir’s 
value, j-/jm- = 1.8605 (ref. 5), than 
with fl-ler-Liibeck’s value, 
j-/jm- = 1.8532 (ref. 6). 
If elec- 
= 0 (a = r), 
For w > 0, the indicated current 
ratios are f o r  a monotonic potential 
distribution with eo = 0; however, the 
current can be increased further until 
the ultimate space-charge limit is 
reached. The resulting potential dis- 
tribution is then nonmonotonic but can 
generally be treated by using the present 
analysis by the juxtaposition method 
previously mentioned. 
If the initial kinetic energy is 
supplied to the electrons, rather than 
the ions, then again for a = r, 
curve B is now associated with the 
electron-current ratio, whereas curve C 
is associated with the ion-current ratio; that is, the association of the 
curves is reversed. For w 5 0.85, introduc,ing negative ions with m- = rrq, 
le-I = e+, and with or without initial kinetic energy results in a larger posi- 
tive ion current density than would exist if the same initial kinetic energy 
were supplied to a unipolar flow of ions. 
Figures 3 and 4 show, respectively, dimensionless potential distributions 
and dimensionless electric fields corresponding to specific values of the in- 
dependent quantities w and a included in figure 2. (Curves C are the same 
as those for a = 1 in figs. 4 and 6 of ref. 6.) Figure 5 depicts the di- 
mensionless charge-density distributions corresponding to curves A, B, C, and D 
in figures 3 and 4. 
both current components space-charge limited (curve2 C> are compared in fig- 
ure 5(a) with the corresponding distribution for unipolar, space-charge-limited 
Charge-density distributions for ambipolar currents with 
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Curve 
A 
B 
C 
D 
E 
Description 
Unipolar space-charge- 
limited ion cu r ren t  
lnipolar ion cu r ren t  ( p D  = 
Ambipolar. Both cu r ren l  
space-charge l imited 
Ambipolar cu r ren t  
Ambipolar cu r ren t  
W+O 
0 
1 
0 
1 
0 
W-1 
0 
0 
1 
Ibviously, for unipolar ion current ,  j- = 0: a = 0. 
:or a = r: 8o = fi1 = 0. 
0 .2 . 4  .6 .a 
Dimensionless distance from positive-ion inject ion 
Figure 4. - Dimensionless electric field (to - 0). plane, c 
ion  current.  A similar comparison i s  
exhibited i n  f igure  5(b) ,  except t h a t  
unipolar cases. 
= 1 f o r  both the  ambipolar and W+? 
I n  f igure  5(a) t h e  p a r t i a l  neu- 
t r a l i z a t i o n  of the  pos i t ive  ion charge 
densi ty  when electrons are introduced 
i s  evident. This i s  a l s o  character-  
i zed  by the  increased slope (near 
5 = 0 )  of t h e  po ten t i a l  curve C with 
respec t  t o  curve A i n  f igure  3 or by 
the  increased absolute magnitude (near 
5 = 0) associated with the  e l e c t r i c -  
f i e l d  curve C with respect  t o  curve A 
i n  f igure  4. More importantly, t he  
ion charge dens i t ies  a t  5 = 1 a r e  
iden t i ca l ,  so  t ha t  the  increased ion 
current  densi ty  (1.86 t i m e s )  must be 
associated with increased ve loc i ty  of 
ions a t  E, - 1 when electrons a r e  
introduced. 
If now the  posit.ive ions possess 
i n i t i a l  k ine t i c  energy, then f o r  t h e  
increasing i n i t i a l  k ine t i c  energy of 
the  ions the  ion  charge-density d is -  
t r i b u t i o n  f o r  ambipolar currents  ap- 
proaches t h a t  f o r  a unipolar ion  cur- 
rent .  For t h e  case w+l = l, a = r 
shown i n  f igure  5(b),  t h e  two ion 
charge-density d i s t r ibu t ions  (curves B 
and D f o r  
i den t i ca l .  Moreover, the  r e l a t i v e  
charge densi ty  of ions a t  5 = 1 i s  
s l i g h t l y  l e s s  than the  unipolar space- 
charge-limited value (uni ty) .  Be- 
cause t h e  r e l a t i v e  charge-density of 
ions a t  5 = 1 i s  always l e s s  than 
or equal t o  1 (cf.,  f ig .  5) ,  t h e  in-  
crease of ion  current  shown i n  f i g -  
ure  2 m u s t  correspond t o  increased 
ion ve loc i ty  a t  t h e  ion e x i t  plane 
~ + / p , + ~ )  a r e  e f f ec t ive ly  
( e  = 1)- 
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n . 2  . 4  .6 .8 1 
Curve 
A 
B 
C 
D 
Description 
Unipolar space-c harge- 
limited ion cu r ren t  
Unipolar ion cu r ren t  (Eo = C 
Ambipolar. Both currents  
space-charge limited 
Ambipolar cu r ren t  
W+O 
0 
1 
0 
1 
W-1 
0 
0 
Obviously, for unipolar ion current, j- = 0: a = 0. 
For a = r: go = 81 = 0. 
I 
.8 
I 
.6 
I 
- 2  .4 0 .~ 
Dimensionless distance from positive-ion inject ion plane, 6 
(a) Effect of introducing electrons. (b) Effect of in i t ia l  velocity of ions. 
Figure 5. - Dimensionless charge-density distr ibutions (go = 0). 
The sample r e s u l t s  provide a very l imi ted  i l l u s t r a t i o n  of the  va r i e ty  of 
solut ions contained i n  the  theory. 
course, depend on the  appl icat ion.  
Pa r t i cu la r  cases of i n t e r e s t  w i l l ,  of 
Lewis Research Center 
National Aeronautics and Space Administration 
Cleveland, Ohio, June 2, 1964 
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APPENDIX - SYMBOLS 
A (1 + a2)1/2, eq. (51) 
a (j-/j+) ( - v + / v J ~ / ~ ,  eq. (10) 
E(T,k) e l l i p t i c  i n t e g r a l  of t he  second kind, 4’ (1 - k2 sin2T)’/‘ dT, 
eq- (61) 
e e l e c t r i c  f i e l d ,  -dcp/dx 
e e l e c t r i c  charge 
F(T,k) -1/2 ar (1 - k2 sin%) d r  , e l l i p t i c  i n t e g r a l  of t h e  f i rs t  kind, 
eq. (60) 
+ a(1 + w-l]1/2 - (yo) 1 2  /4J+, eq. (33) 
g0 
g l  (1 + w+o)1/2 + a$? - (y;)‘/4J+, eq. (37) 
k modulus of e l l i p t i c  i n t eg ra l s ,  [(.. - ~ ~ } ) / 2 A ~ ] 1 ~ 2 ,  eq. (55) 
2 separat ion of plane boundaries 
m ion ic  m a s s  
n modulus of e l l i p t i c  i n t eg ra l s ,  l /k,  eq. (55) 
r 
v ve loc i ty  of ion 
W r a t i o  of i n i t i a l  k ine t i c  energy of ion t o  i t s  i n i t i a l  po ten t i a l  energy 
(eqs. (11) and (12)) 
17 
X distance measured f r o m  boundary plane at which positive ions are in- 
jected 
Y dimensionless potential, ( ~ p  - qO)/(cpz - cpo), eq. ( 8 )  
a 
P (a - w 2 ,  eq* ( 5 2 )  
r 
6 tan'l(l/a), eq. (50) 
E 
7 ionic charge-to-mass ratio, 2e/m, eq. (7) 
5 dimensionless distance from positive-ion injection plane, x/Z, eq. (9) 
sin'l(n sin P ) ,  eq. (56) 
(1 + w+o + w-1 )1/2, eq. (47) 
P charge density 
cp electric potential 
Subscripts : 
2 value at x = Z 
m space-charge-limited value 
0 value at x, E = 0 
1 value at 5 = 1 
+ positive ions 
- negative ions (electrons) 
Superscript : 
1 derivative, d/dE 
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